Abstract: We study the oscillations of a scalar field on a noncommutative disc implementing the boundary as the limit case of an interaction with an appropriately chosen confining background. The space of quantum fluctuations of the field is finite dimensional and displays the rotational and parity symmetry of the disc. We perform a numerical evaluation of the (finite) Casimir energy and obtain similar results as for the fuzzy sphere and torus.
Introduction
The dynamics of quantum fields on noncommutative (NC) spaces [1, 2] exhibits many fascinating properties owing to non-locality and to the existence of a minimal area [3, 4] . Among these properties is the possibility of describing field theories defined on compact NC spaces as matrix models and therefore representing them on finite dimensional Hilbert spaces. Quantum fields defined on the fuzzy sphere S 2 F [5] and on the fuzzy torus T 2 F [6] are well-known examples of these kind of models with a finite number of degrees of freedom.
The purpose of the present article is to study a free scalar field on a noncommutative generalization of the two dimensional disc. Apart from being compact, the disc has a boundary, whose definition in a noncommutative context is subtle. The NC plane is described by a pair of coordinates (x 1 ,x 2 ) which satisfy the algebra [x i ,x j ] = 2iθ ǫ ij , where the noncommutativity (NC) parameter θ ∈ R has dimensions of squared-length 1 . These commutation relations enforce the existence of a minimal area 4πθ on the plane, which establishes that states highly localized in one direction must spread over large distances in the transverse one. In this context, where there are no simultaneous eigenstates of the operatorsx 1 ,x 2 and thus the usual notion of a point in the plane is lost, it is not evident how to generalize the concept of boundary.
In ordinary commutative field theory one can define quantum fields confined in a spacelike subregion R by introducing in the Lagrangian on the whole space an interaction with an "infinitely high step-function", i.e. a confining background V R which vanishes in R and becomes infinite outside R. In this article we will generalize this procedure to the case where R is a disc in the Moyal plane. The Moyal plane provides a representation of the aforementioned commutation relations between coordinates as an algebra of functions in the ordinary commutative plane equipped with the Moyal product [7, 8] :
Note that x i ⋆ x j − x j ⋆ x i = 2iθ ǫ ij , as expected. This associative product can also be realized in terms of the Bopp's shifts
as follows: f (x) ⋆ g(x) = f (x − ) g(x) = g(x + ) f (x). We will therefore consider a free scalar field on the ordinary commutative plane coupled, by means of this noncommutative product, with a confining background V R , where R will be chosen as the disc of radius R. We will determine the spectrum of its one-loop oscillations and show that the quantum oscillations of the scalar field display the rotational and parity symmetry of the disc. At the same time, some peculiar properties show up.
Firstly, as in the case of S 2 F and T 2 F , the space of quantum fluctuations is finite dimensional. In fact, from a semiclassical point of view, the constraintx 2 1 +x 2 2 ≤ R 2 on the coordinates of the NC configuration space implies that the physical region of the system in phase space has finite volume. We will show that the scalar field on the NC disc is quantized on a Hilbert space whose dimension is given by the (finite) number of minimal cells contained in this volume.
On the other hand, we will show that the oscillation modes do not vanish abruptly at the boundary of the disc but decay exponentially beyond the radius R, which is to be expected for a boundary defined in terms of a non-local product. There exists another interesting behavior of the oscillation modes. As is well-known, in the commutative case the wave functions concentrate on the boundary of the disc as the angular momentum increases. On the contrary, we will see that at some value of the angular momentum the mean position of the quantum oscillations on the NC disc moves back towards the center of the disc.
The study of vacuum oscillations on NC spaces has attracted interest in the context of Kaluza-Klein (KK) theories [9] . In the usual commutative KK scenario the vacuum energy receives a contribution from the oscillations of the fields in the extra dimensions. In geometries where this contribution leads to attractive Casimir forces one assumes that at Planck scales -where nonperturbative quantum gravity is relevant-new dynamics prevents the collapse of the compactified extra dimensions. Some examples have shown that the noncommutative character of KK extra dimensions could provide this stabilization mechanism. In fact, the oscillations of a self-interacting scalar field defined on
originate a Casimir force which, although attractive at tree level, could stabilize the radii of the compactified tori due to one-loop corrections [10] . By the same token, one-loop contributions to the Casimir energy for a scalar field defined on R 1+d × T D × S 2 F can give a repulsive force that stabilizes the radius of the commutative torus 2 [12] .
It is also interesting to study the Casimir energy arising from KK oscillation modes as a possible source of dark energy. In fact, although a compactified S 2 gives a negative contribution to the energy density measured on our four-dimensional Minkoswki spacetime, this contribution can change sign if the extra dimensions are compactified on S 2 F instead [13] . Let us also mention that if the KK extra dimensions are compactified on T 2 F the contribution to the vacuum energy is negative, so it cannot be considered as a source of dark energy [14] .
With this motivation, in the last part of this article we study the Casimir energy of the scalar field on the NC disc. Since the Hilbert space of fluctuations is finite dimensional this energy is finite and only in the commutative limit θ → 0 the resulting expression diverges. Our results are similar to analogous calculations performed on T 2 F [15] and on S 2 F [16] . The first noncommutative generalization of the disc -the fuzzy disc B 2 F -has already been defined by F. Lizzi, P. Vitale and A. Zampini [17] [18] [19] by means of a truncation of the expansion of operators in a creation/annihilation basis (see also [20, 21] ). As a consequence, the oscillation modes span a finite-dimensional Hilbert space in which, following the Berezin formalism, the wave functions are defined as the expectation values of these truncated operators in coherent states. The NC algebra of functions on B 2 F is therefore a finite subalgebra of the algebra of functions on the NC plane endowed with the so-called Voros 2 In this model the radius of S 2 F is determined by the strength of a RR four-form background in a D0-brane scenario, in which the fuzzy sphere appears as a static solution [11] .
product [22] . In this regard, our study of the NC disc could contribute to the comparison between the use of Moyal and Voros products in the formulation of field theories [23] [24] [25] [26] [27] [28] in the presence of boundaries. 3 We also point out that whereas the definition of B 2 F appears as the natural extension of the procedures used to define S 2 F and T 2 F , our definition -which does not rely on the symmetries of the base manifold-could in principle be applied to quantum fields confined in an arbitrary subregion of the NC plane.
The definition of boundaries in a NC plane by means of a confining background 4 has already been used by C. D. Fosco et al. [30] and by F. G. Scholtz et al. [31] . Let us point out some differences between the results in these articles and the ones discussed here. In [30] the boundary is represented by a Moyal-interaction with a NC delta-function. Since the limit of an infinitely strong interaction is not explicitly worked out, a representation of the quantum fluctuations on a finite dimensional Hilbert space is not present in this analysis. In [31] a step-function is used as a confining background in the context of NC quantum mechanics. However, the wave functions are defined in terms of coherent states so that noncommutativity is represented, as in [17] , by the Voros product. Most importantly, since the Hamiltonian considered in [31] is not parity-invariant, the Hilbert space is not finite-dimensional.
The present article is organized as follows. In Section 2 we consider a scalar field on the Moyal plane interacting with a rotationally invariant background and present a basis of the Hilbert space which is convenient to describe the classical configurations of the field. In Section 3 we choose a particular background which, in some limit, defines our formulation of the NC disc. We find an explicit solution for the spectrum and the corresponding eigenfunctions and study some of their properties. In Section 4 we apply these results to study the Casimir energy on the NC disc. Finally, in Section 5 we draw our conclusions. The appendix A contains a detailed calculation of the results which were obtained in Section 3 with a simpler but less rigorous argument.
Scalar field in a rotationally invariant NC background
Let us consider a real massive scalar field φ(t, x), where t ∈ R is Minkowski time and x = (x 1 , x 2 ) ∈ R 2 are coordinates on the Moyal plane, that interacts with a rotationally invariant background V = V (r 2 ), where r 2 := x i x i . The corresponding action reads
The ⋆-product is the associative Moyal product defined in eq. (1.1). Since under the integral sign the Moyal product of two functions can be replaced by the ordinary commutative product, the (quadratic) kinetic and mass terms are the same as in the commutative theory. For the same reason, the double Moyal product V ⋆ φ ⋆ φ is invariant under cyclic 3 A self-interacting field in terms of the Voros product has been studied numerically on the fuzzy disc [29] . 4 The addition of a potential term to model boundaries in deformation quantization has been considered in [32, 33] .
permutations of the factors and there is no ordering ambiguity in the definition of the interaction term. As we will see below, this term gives rise to a non-local operator which acts symmetrically with respect to left-and right-Moyal multiplication and thus preserves parity invariance, which is the origin of the finite-dimensional representation of the quantum model. The one-loop effective action of the model described by eq. (2.1) is given by
where δ 2 S is the operator of one-loop quantum fluctuations, whose kernel is defined as the second functional derivative of S[φ] with respect to the field. Since the action is quadratic this operator is field independent and its zero modes determine the classical configurations of the scalar field. These oscillations modes constitute a basis of the Hilbert space of the operator-valued quantized field; we will see in Section 3 that for a scalar field in the NC disc this Hilbert space is finite-dimensional. A straightforward calculation shows
where we denote as
its spatial part, with x One-loop physical quantities related to the scalar field φ(t, x) can be derived from the spectrum of A. To diagonalize this non-local operator we will make use of its rotational invariance. Indeed, due to the rotational invariance of the background, it is convenient to define the non-Hermitian dimensionless operators
which satisfy the algebra of a pair of uncoupled creation/annihilation operators whose non-vanishing commutators are
In terms of the corresponding number operators N ± := a † ± a ± the angular momentum reads
Note that L is also the generator of rotations in the shifted coordinates, that is, [L,
shows, a † ± and a ± create and annihilate excitations with circular polarization.
Hereafter we take l ∈ Z + as the absolute value of the angular momentum and we denote by F ±l the subspaces of states with definite angular momenta ±l. The Hilbert space of square integrable functions on the plane can therefore be written as
The orthonormal Fock basis of F ±l is given by the functions
respectively, where φ 0 0 (x) is defined by a + φ 0 0 (x) = a − φ 0 0 (x) = 0. Note that these vectors are eigenfunctions of the operators N ± with eigenvalues n + l and n. From eq. (2.8) one straightforwardly obtains [34] 
where L l n (·) are the generalized Laguerre polynomials and r, ϕ are the polar coordinates of x ∈ R 2 .
In terms of the creation/annihilation operators, the operator A reads
Let us make some remarks regarding parity transformation in this Hilbert space. In two space dimensions this transformation is implemented by changing the sign of one coordinate or, upon a rotation in π/2, by interchanging both coordinates. This amounts to the interchange x
, which corresponds to a ± ↔ ∓ia ∓ and, consequently, to the interchange N + ↔ N − . Expression (2.10) then shows that A is invariant under parity transformations.
Since [A, L] = 0 (see eqs. (2.7) and (2.10)) we can diagonalize A on each subspace F ±l of definite angular momentum. Due to parity-invariance, its spectra on F l and F −l coincide and the corresponding eigenfunctions are related by complex conjugation. This two-fold degeneracy of the spectrum is consistent with the invariance under parity and rotations of the original action S[φ].
The NC disc
Next, we apply the preceding results to confine a scalar field in a NC disc. To that end, we consider in the action (2.1) the Λ → ∞ limit of the background
where Θ(·) is the step-function defined as 1 if its argument is non-negative. This background represents a circular well of radius R and height 2Λ (in units of θ −1 ). Replacing (3.1) into eq. (2.10) we obtain the following expression for the spatial part A Λ N of the operator of quantum fluctuations: 2) where N is the ceiling function
which represents the lowest integer greater or equal than R 2 /4θ −1/2. This positive integer N is, roughly, the integer part of the quotient between the area of the well πR 2 and the fundamental area 4πθ. In consequence, the integer N measures the noncommutativity of the model, being large for the "almost commutative" case θ ≪ R 2 . Note that, as opposed to the commutative case, the step-functions on the R.H.S. of eq. (3.2) do not depend uniquely on the value of the radial coordinate but represent instead constraints on the Fock space. Our choice of a basis of eigenstates of the operators N ± , given by expression (2.8), allows a direct implementation of these constraints.
As already mentioned, we can determine the spectrum of A Λ N on each subspace F ±l of angular momentum ±l, separately. Consequently, the solutions ψ ±l λ (x) ∈ F ±l to the eigenvalue equation
admit the following expansion (see eq. (2.9)):
where, due to parity invariance, the coefficients c l n (λ) do not depend on the sign of the angular momentum.
We define the spatial part A ∞ N of the operator of quantum fluctuations on the NC disc as the limit Λ → ∞ of A Λ N . Following the lines of [31] , one can determine the spectrum of A ∞ N by replacing expansion (3.5) into eq. (3.4) and then considering the limit Λ → ∞ of the resulting eigenvalues and eigenfunctions. The result of this rather laborious -though straightforward-procedure is shown in Appendix A. Nevertheless, a simpler inspection of the consequences of the Λ → ∞ limit in eq. (3.4) will also lead us to the eigenvalues and eigenfunctions of A ∞ N . First of all, it can already be seen from the last two terms in expression (3.2) that in the limit Λ → ∞ the components of the solution ψ ±l λ (x) in the direction of the basis vectors corresponding to N ± ≥ N must tend to zero; otherwise, the step functions would give an infinite contribution to eq. (3.4). As a consequence, the relevant Hilbert space only contains states with N ± = 0, 1, 2, . . . , N − 1 and has therefore dimension N 2 . This is the first remarkable feature of the NC disc: the quantum oscillations of the scalar field take values on a finite-dimensional Hilbert space, in correspondence with similar well-known results obtained for other fuzzy compact spaces. Note the relevance of parity-invariance in this result; this symmetry implies the presence of both operators N + and N − in expression (3.2) and, consequently, leads to the constraints 0 ≤ N + < N and 0 ≤ N − < N , which determine the dimension of the Hilbert space.
Recall now that the basis vectors φ ±l n (x) (defined in eq. (2.8)) are eigenfunctions of the operators N ± with eigenvalues n + l and n. Let us translate condition N ± < N to the corresponding condition for the integers l and n. On the one hand, it implies that eq. (3.4) has solutions only for l < N , i.e. the absolute value l of the angular momentum of the quantum oscillations of the scalar field on the NC disc is bounded by N . On the other hand, it also implies that for fixed l the coefficients c l n (λ) in expansion (3.5) tend to zero as Λ → ∞ for n ≥ N − l. As a consequence, in each space F ±l (with l < N ) the subspace of solutions of eq. (3.4) in the limit Λ → ∞ is (N − l)-dimensional. On the whole, there are (N − l) solutions in each space of angular momentum ±l, with l < N ; this gives N 2 solutions, as already mentioned.
To determine the coefficients c l n (λ), we replace expansion (3.5) into eq. (3.4). As already noted, for l < N and n < N − l the step functions in eq. (3.2) do not contribute, so for these values of l and n we get
If we compare these recurrence relations with the following functional relations between the associated Laguerre polynomials [34] 
we obtain the following solution for the coefficients c l n (λ):
Since these solutions do not depend on Λ they hold true also in the limit Λ → ∞. Yet recurrence relations (3.6) and (3.7) for n = N − l − 1 imply that the coefficient c l N −l (λ) is also given by eq. (3.8). However, as argued above, this coefficient must vanish in the limit Λ → ∞. In terms of the corresponding Laguerre polynomial this condition reads
and determines the spectrum of the operator A ∞ N . In sum, the operator A ∞ N -corresponding to the spatial part of the quantum fluctuations of a scalar field on a NC disc (see eq. (2.4))-is defined on an N 2 -dimensional subspace of where the normalization constant is
As remarked in the Introduction, the finite dimension N 2 of the Hilbert space can be understood from a semiclassical point of view in terms of the number of minimal cells contained in the physical region of phase space. Indeed, the constraintx 2 1 +x 2 2 ≤ R 2 implies that the coordinates x ± i of classical phase space are restricted to a volume (π R 2 ) 2 , whereas the commutation relations [x ± i , x ± j ] = ∓2iθ ǫ ij define minimal cells of volume (4πθ) 2 . Consequently, the number of cells contained in the physical volume is (R 2 /4θ) 2 ∼ N 2 in the semiclassical limit θ ≪ R 2 . Figures 1 and 2 represent the spectrum of A ∞ N for two different values of the NC parameter, θ = 0.05 R 2 and θ = 0.005 R 2 , corresponding to N = 5 and N = 50, respectively. The number of eigenvalues are N 2 = 25 and N 2 = 2500, respectively. The horizontal axes indicate the angular momentum, which -as shown in the figures-run from −N +1 to N −1. In both cases the eigenvalues corresponding to θ = 0 are also displayed.
Let us mention that the spectrum given by expression (3.10) coincides with the eigenvalues of the Laplacian in the fuzzy disc if one truncates the symbol of the field operator at a different integer as the one chosen in [17] . Of course, in our model this kind of arbitrariness also appears if one defines Θ(0) = 0 in eq. (3.1). Therefore, this ambiguity -which corresponds to changes of the order of θ in the area of the disc-would be resolved from the specific microscopic behavior of the confining background in the vicinity of the boundary. As expected, it can be seen that the oscillation modes given by eq. (3.11) do not coincide with the eigenfunctions of the fuzzy Laplacian described in [18] since the latter are defined differently, in terms of expectation values in coherent states.
Next, we consider the commutative limit θ → 0 of the spectrum of the NC disc. Since the zeros of the Laguerre polynomials, L l N −l (λ l k ) = 0, and the zeros of the Bessel functions, J l (j l k ) = 0, are related by [35] 
for fixed l, k and N → ∞, the eigenvalues of A ∞ N tend to (j l k ) 2 /R 2 (the eigenvalues of the commutative disc), for N ≫ l. This is shown in Table 1 , where one can see that as N increases the eigenvalues of A ∞ N tend to the eigenvalues of the commutative disc as long as l is not too large. Eq. (3.13) shows that the eigenvalues of the commutative disc at fixed angular momentum can be approximated by the eigenvalues of the NC case for sufficiently large N . In fact, the lowest eigenvalue λ l 1 for a fixed angular momentum ±l satisfies the bound λ l 1 > (l + 2) 2 /(4N + 2) [36, 37] . Therefore, all eigenvalues of the operator A ∞ N corresponding to this angular momentum are bounded by
This inequality imposes an upper bound on the angular momentum that is probed according to the energy scale that is experimentally reached. Indeed, expression (3.14) indicates that any measurement involving energies much smaller than a cutoff E Planck only tests modes whose angular momenta satisfy l ≪ R √ E Planck . Being l bounded by the experimental setup, eq. (3.13) then shows that the spectrum of the NC disc uniformly approaches the commutative spectrum as N → ∞. Subleading terms in eq. (3.13) determine the experimental bounds on the NC parameter θ.
In Figure 3 we plot the eigenfunctions given by eq. (3.11) corresponding to the three lowest states (k = 1, 2, 3) with vanishing angular momentum, for θ = 0.05 R 2 (N = 5), together with the corresponding commutative modes. Contrary to the commutative case, in which the modes vanish abruptly at the radius of the disc r = R, the eigenfunctions of the NC case, though exponentially suppressed, penetrate the region r > R. One can also see that the approximation to the commutative case is worse as the number of nodes increases. The oscillations of a scalar field confined in a NC disc manifest a peculiar phenomenon. As is well-known, the oscillation modes on the ordinary commutative disc concentrate closer to the boundary as the angular momentum increases. On the contrary, the wave functions of the NC case move towards the boundary as the angular momentum increases only for the first angular momenta but, at some point, as the angular momentum takes higher values the wave functions move back towards the center of the disc. Note that as l → N − 1 less terms in the sum in the R.H.S. of eq. (3.11) contribute to the wave function, reducing to just one term when l = N − 1. Figure 4 shows the lowest states (i.e. k = 1) with angular momenta l = 0, 1, 7, 9, 11, for θ = 0.02 (N = 12). Note that as l takes the values 0, 1, 7 the eigenfunctions move towards the boundary but as l takes the values 7, 9, 11 the eigenfunctions move away from the boundary. As we know, l = 11 is the highest angular momentum for N = 12. Dashed curves in Figure 4 represent the corresponding eigenfunctions for the commutative disc which, as mentioned, approach the boundary monotonically as the angular momentum increases.
In order to further illustrate this phenomenon we consider the mean radius r of the oscillation modes as a function of the angular momentum. In Figure 5 we plot r in the commutative case, for 0 ≤ l ≤ 20 and k = 1, 2, . . . , 12; each curve joins points corresponding to a fixed value of k (i.e., with the same number of nodes). As expected, for fixed k, the mean radius grows monotonically as the angular momentum increases. In Figure 6 we plot r in the NC disc for θ = 0.02 (N = 12) so the absolute value of the angular momentum is restricted to 0 ≤ l ≤ 11. For each value of l, the oscillation modes are indexed by k = 1, 2, . . . , 12 − l. Contrary to the commutative case, the figure shows that, for k fixed and l large enough, the mean radius of the oscillation mode decreases as the angular momentum increases.
Further insight into this result is provided by the small-θ expansion of the Moyal product (see eq. (1.1))
Inserting this expansion into expression (2.4) for the operator A (acting on functions with angular momentum ±l) we get to leading order in θ
where
The term denoted by U is a function of r, independent of l, which corresponds to U = −1/4r 2 for θ = 0. From these expressions one can read the dependence of the effective background on the angular momentum for a step-like function V r 2 or, eventually, a smooth approximation to it. Indeed, expression (3.17) shows that, to leading order in θ, the centrifugal barrier term has an extra contribution proportional to θ 2 ∂ 2 r V . For a steplike background -or a smooth approximation to it-this term is represented inside the disc by a positive function highly peaked near the boundary. This contribution is responsible for the repulsion at the boundary experienced by the oscillations with non-vanishing angular momentum.
Casimir energy of the NC disc
In this Section we use the results of Section 3 to study the energy due to the vacuum oscillations of a scalar field defined on the NC disc. We are therefore interested in the oscillation modes ψ n (t, x), which are given by
where ω n is the oscillation frequency and ψ n (x) is a solution to (see eq. (2.3))
From the eigenvalues of the operator A ∞ N , given by expression (3.10), we obtain the frequencies
where L l N −l (λ l k ) = 0, for l = 0, 1, . . . , N − 1 and k = 1, 2, . . . , N − l. The Casimir energy E N C is given by the sum of the ground state energies of the oscillation modes
Since the Hilbert space of quantum oscillations is finite dimensional the Casimir energy of the NC disc is finite; however, as expected, it diverges in the commutative limit N → ∞.
In particular, for the massless case we obtain
(for large N ) .
The asymptotic limit E N C ∼ N 3 for large N is derived from the following bounds on the zeros of the Laguerre polynomials [36, 37] :
A rough estimation based on these bounds gives 0.69 < c < 1.11. On the other hand, the large mass limit of expression (4.4) reads
After subtracting the first term -which represents the rest energy of the N 2 oscillatorsone obtains, as expected, that the vacuum energy vanishes for an infinitely heavy scalar particle. Subsequent terms, depending on higher powers of (θm 2 ) −1 , can be obtained from the relations between the homogeneous sums of products of the zeros of a Laguerre polynomial and its coefficients. Casimir energies calculations have been performed for T 2 F [15] and S 2 F [16] . In the case of the fuzzy torus -which is characterized by a rational noncommutativity parameter θ = N −1 , with N ∈ Z + -, the orthonormal modes span an N 2 -dimensional Hilbert space and its Casimir energy, which is finite, grows as N 3 /4π as N increases. On the other hand, the normal modes of a scalar field on S 2 F span a J-dimensional Hilbert space, with J related to a particular representation of su (2) . As in our model, the Casimir energy is finite and diverges with increasing J.
Conclusions
We have studied a scalar field in 2+1 dimensions that interacts with a rotationally invariant background by means of a space-like Moyal product. In a certain limit one obtains the spectrum of oscillations of the scalar field confined in a NC disc. The definition of the Moyal product in a manifold with boundaries presents some obstacles -discovered in NC Chern-Simons theories [20, 38] -related to the appropriate choice of boundary conditions. Our definition of a scalar field in a NC disc as the limit of the solutions in interaction with a confining background circumvents these difficulties for in our setting the Moyal product corresponds to the algebra of functions on the whole NC plane.
We have shown that, under this procedure, the oscillations of the field in the NC disc span a finite-dimensional Hilbert space whose dimension is given by the relation between the area of the disc and the minimal area in the Moyal plane. The number of states also coincides with the number of fundamental cells contained in the finite physical volume in phase space. Moreover, the oscillation modes manifest the rotational and parity symmetries of the disc. We have also shown that, at some point, as the angular momentum of the modes increases the particle moves back towards the center of the disc. From a perturbative point of view, this can be interpreted as the effect of a repulsion at the boundary due to a term proportional to θ 2 l 2 ∂ 2 r V /r 2 -where V is the confining background-arising from a small-θ expansion of the Moyal product.
Motivated by its application in the context of NC Kaluza-Klein scenarios we considered the Casimir energy E N C in the NC disc. Since the oscillations of the quantum field span a finite-dimensional Hilbert space, the Casimir energy is finite and needs no regularization. We determined the divergence of E N C as the noncommutativity parameter tends to zero and we obtained analogous results as for the fuzzy sphere and torus. However, in either of these NC spaces it is not clear how to get the commutative result from the θ → 0 limit. As mentioned in the Introduction, the finite Casimir energy arising from noncommutative KK oscillation modes can turn from a negative to a positive contribution to the dark energy [13] . This is a consequence of the mechanism of absorption of infinities into the vacuum energy of Minkowski spacetime: on NC models some of these "infinities" are already "regularized" so that the effective contribution to the vacuum energy can change sign.
The procedure studied in this article provides an alternative point of view for the truncation used to define the fuzzy disc algebra [17] . After an appropriate identification of the corresponding parameters, the oscillation spectrum we have derived coincides with the eigenvalues of the Laplacian on the fuzzy disc. Nevertheless, we remark that since our formulation does not rely entirely on the symmetries of the disc (though the explicit resolution of the problem does) it opens the possibility of studying other regions with boundary on the Moyal plane. Work along these lines is currently in progress.
A.2 The case l = 1
The solution to the recurrence relations (A.1) for l = 1 is given by (up to an overall normalization constant) One can explicitly check that the limit Λ → ∞ of the results in this Appendix confirm expressions (3.10) and (3.11).
